Abstract
Introduction

27
Interaction of water waves with a large vertical cylinder has been widely investi-28 gated both numerically and experimentally due to its theoretical and practical im-of element types, absorbing boundary condition or infinite element technique has to 48 be introduced for wave-structure interaction in unbounded domain. For short inci -1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 dent waves especially in three-dimensional problems, the whole computation work 50 is enormous. BEM, on the other hand, has the inherent advantage for wave-structure 51 interaction in unbounded domain with the property of reducing the spatial dimen-52 sion by one. However, fundamental solutions are required and singular integrals 53 exist. Futhermore, it may suffer from the problems caused by irregular frequencies 54 and sharp corner.
55
Recently, the scaled boundary finite-element method (SBFEM), originally devel-56 oped to solve soil-structure interaction problems (e.g., [9] ), has been successfully 57 applied to water wave diffraction, in which the radiation condition at infinity is re-58 quired to be satisfied by the scattered waves. Tao et al. [10] applied the SBFEM to 59 solve short-crested waves interaction with a circular cylinder. Instead of using an 60 algebraic series, Tao et al. [10] chose Hankel function to solve the Helmholtz equa- In this paper, the SBFEM model is further extended to solve water waves interaction 76 with: 1) a single cylindrical structure of arbitrary shape; 2) multiple structures sys- 
Boundary value problem
88
Consider a monochromatic wave train propagating at an angle θ with positive x 89 axis. A structure system consisting of several vertical cylinders extends from the 90 sea bottom to above the free surface of the ocean along z axis (see Fig. 1 ).
91
Tao et al. [10] showed that the solution process can be significantly simplified by 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64 terior circular cylinder on the mean water surface (Fig. 1) . The whole fluid region 99 is then divided into two regions, the interior bounded region and the unbounded 100 region outside of the cylinder S 0 . The interior region is further divided into q sub- 
109
The velocity potentials can be decomposed by separating the vertical variable z and 110 the time t from each component as
where
leading to the seabed boundary condition being satisfied. The diffraction problem 113 in S 0 is then governed by Helmholtz equation with the boundary condition at the 114 porous interface Γ c , and the radiation condition at infinity:
where G 0 is a measure of the porous effect [11] and G 0 = 0, ∞ represent a solid 116 wall and a transparent boundary respectively, r is the radial axis, i = √ −1 is the 117 imaginary unit, n denotes the normal to the boundary, "adj" in the subscript denotes 118 the physical quantities in the adjacent sub-domain, and comma in the subscript 119 designates the partial derivative with respect to the following variable.
120
The function φ j (x, y) (j = 1, 2, · · · , q) in the interior region is governed by the 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64 65
According to Mei [12] , the linear incident plane wave can be expressed by the real 124 part of
and the relationship of total velocity potential, scattered wave, and incident wave 126 velocity potentials are
Eqs (5) free surface elevation and the dynamic pressure can be calculated respectively from
Scaled boundary finite-element transformation
136
In this section, φ j and φ S 0 will both be denoted as φ for brevity, and the region S j 137 will be denoted as Ω. If the velocity boundary is defined by Γ v , we have
where the overbar denotes a prescribed value.
139
The finite-element method requires the weighted residuals of the governing equa- 
SBFEM defines the domain Ω by scaling a single piecewise-smooth curve S rela-
144
tive to a scaling centre (x 0 , y 0 ), which is chosen at the centre of the porous cylinder 145 in this case (see Fig. 2 ). The circumferential coordinate s is anticlockwise along 146 the curve S and the normalised radial coordinate ξ is a scaling factor, defined as 1
147
at curve S and 0 at the scaling centre. The whole solution domain Ω is in the range 
By employing SBFEM, an approximate solution of φ is sought as
where N(s) is the shape function, the vector a(ξ) is analogous to the nodal values interpolates between the nodal potential values in the circumferential axis s.
158
By performing scaled boundary transformation, the operator ∇ can be expressed 
where b 1 (s) and b 2 (s) are dependent only on the boundary definition
and |J| is the Jacobian at the boundary
From Eqs. (15) and (22), the approximate velocity can be expressed as
Applying the Galerkin approach, the weighting function w can be formulated using 165 the same shape function as in Eq. (21)
Substituting Eqs. (21), (22), (26) and (27) into Eq. (19) results in 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64 65
where the incremental volume is [9] 168 dΩ = |J|ξdξds.
For convenience, coefficient matrices are introduced here as
The above integrals Eqs. (30) 
To satisfy all sets of weighting function w(ξ), the following conditions must be 173 satisfied:
Eq. (38) 
180
In the present study, the side-faces either coincide or are impermeable so that the 3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 geneous second-order ordinary matrix differential equation in terms of matrix of 183 rank m.
184
Boundary conditions, Eqs. (6) and (7) or Eqs. (12) and (10) 
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203
The solution for a 0 (ζ) is then expressed in the series form:
where T j are vectors of rank m, c j are coefficients, H r j (ζ) are the Hankel functions 205 of the first kind, and
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where the prime and the double prime denote the first and second derivatives with 211 respect to the argument ζ respectively, we have
For any c j H r j (ζ), Eq. (51) yields
Let λ j be the eigenvalues of E −1 0 E 2 , then r j = λ j , and T j are the eigenvectors of
Since the Sommerfeld radiation condition (7) has been satisfied by the Hankel func-216 tions, we now only consider the boundary condition (37) of the circular cylinder.
wherev S 0n is the vector of nodal normal velocity of scattered wave on Γ c .
218
Using Eq.(45), the boundary condition on Γ c can be written as
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Solution for bounded sub-domain
Eq. (38) can be written as
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in Λ 0 are all nonnegative and sorted in descending order.
228
The eigenvalue problem is formulated as
Usually there is one zero eigenvalue in Λ 0 (marked as λ m = 0), indicating a con- 
232
Solving the eigenvalue problem of
and marking the eigenvector corresponding to the zero eigenvalue as W m , a reversible Jordan matrix is constructed as
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andΛ 0 is an diagonal matrix with all the eigenvalues of Λ 0 except zero on the main 233 diagonal.
234
Similar to [9] , the analytical solution of Eq. (57) can be expressed as
where U is an upper-triangular matrix with zeros on the diagonal, D is a coefficient 236 vector, and
Writing Y(ζ) = ζ U and K(ζ) = JR(ζ), and partitioning all the matrices into block 238 matrix with m×m dimensions and block vector with m×1 dimensions respectively,
239
Eq. (67) becomes
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Eliminating the constant vector D 1 , we have
Assembling the matrices in all the sub-domains and noting the boundary conditions
245
(6) and (9)-(11), the whole problem can then be solved.
246
All the other physical properties of engineering interest including velocity, surface ical problem, only half of the circumference needs to be discretised. Three-noded 278 quadratic elements are used in the circumferential direction as shown in Fig. 3 .
279
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Wave diffraction by a cylindrical structure system other than a circular cylin-
Wave diffraction by a rectangular cylinder
351
For wave diffraction by a rectangular cylinder, the solution process is very similar
352
to the process in Section 3.2.1. However, as the side lengths are no longer equal Fig. 7) , the maximum wave forces is different from the forces on the 354 square cylinder. Fig. 10 shows the effect of incident wave angle θ on the nondi- 3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 normal (Fig. 12 ).
372
However, as can be seen in Fig. 11 , increasing ka (incoming wave direction) may 373 increase or reduce the wave forces on the cylinder depending on the value of kb. 3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64 it is worth pointing out that the SBFEM computation is based on merely total 14 386 elements discretised along the cylinder boundaries and interfaces. 3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64 between the cylidners at very small gap. Such a brief increase is followed by a given incident wave, the upstream cylinder tends to experience larger wave force 395 than downstream one when the spacing is small. However, within a range of the 396 spacing close to the side length of the rectangle cross section (L), the wave force on 397 the downstream cylinder appears to be slightly larger than its upstream counterpart.
398
When the spacing continue to increase, the wave force on the upstream cylinder 399 increases in a more rapid path and tends to be greater than that experienced by the 400 cylinder in the downstream.
401 Fig. 16 shows the influence of the gap between the two cylinders on the wave forces 402 on the two cylinders respectively for given wave conditions (kL = 0.1, 0.5, 1.0, 1.5).
403
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447
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